The natural occupation numbers of fermionic systems are subject to non-trivial constraints, which include and extend the original Pauli principle. A recent mathematical breakthrough has clarified their mathematical structure and has opened up the possibility of a systematic analysis. Early investigations have found evidence that these constraints are exactly saturated in several physically relevant systems; e.g. in a certain electronic state of the Beryllium atom. It has been suggested that in such cases, the constraints, rather than the details of the Hamiltonian, dictate the system's qualitative behavior. Here, we revisit this question with state-of-the-art numerical methods for small atoms. We find that the constraints are, in fact, not exactly saturated, but that they lie much closer to the surface defined by the constraints than the geometry of the problem would suggest. While the results seem incompatible with the statement that the generalized Pauli constraints drive the behavior of these systems, they suggest that the qualitatively correct wave-function expansions can in some systems already be obtained on the basis of a limited number of Slater determinants, which is in line with numerical evidence from quantum chemistry.
The natural occupation numbers of fermionic systems are subject to non-trivial constraints, which include and extend the original Pauli principle. A recent mathematical breakthrough has clarified their mathematical structure and has opened up the possibility of a systematic analysis. Early investigations have found evidence that these constraints are exactly saturated in several physically relevant systems; e.g. in a certain electronic state of the Beryllium atom. It has been suggested that in such cases, the constraints, rather than the details of the Hamiltonian, dictate the system's qualitative behavior. Here, we revisit this question with state-of-the-art numerical methods for small atoms. We find that the constraints are, in fact, not exactly saturated, but that they lie much closer to the surface defined by the constraints than the geometry of the problem would suggest. While the results seem incompatible with the statement that the generalized Pauli constraints drive the behavior of these systems, they suggest that the qualitatively correct wave-function expansions can in some systems already be obtained on the basis of a limited number of Slater determinants, which is in line with numerical evidence from quantum chemistry. 
I. INTRODUCTION
Pauli's exclusion principle [1] is a well-known physical principle. Its relevance concerns all length scales, from the subatomic (structure of nuclei) up to the astronomic scale (stability of neutron stars). The most prominent example for its relevance, however, is the Aufbau principle underlying the periodic table and explaining the structure of atoms. In the 1970s, it was found that the fermionic exchange symmetry implies further constraints on natural occupation numbers [2, 3] . Remarkably, it took several decades before their mathematical structure was finally understood and a complete classification could be derived [4] [5] [6] . To be more specific, these so-called generalized Pauli constraints (GPCs) take the form of linear conditions,
on the decreasingly-ordered natural occupation numbers λ ≡ (λ k ) d k=1 . These, in turn, are the eigenvalues of the one-particle reduced density matrix ρ 1 ≡ * Christian.Schilling@physics.ox. In an ongoing debate, the physical relevance of the GPCs has been explored and discussed . An early numerical result suggested that a specific state of the Be atom (see below) would saturate some of the GPCs [7] . Based on this observation, the pinning phenomenon has been conjectured: The variational minimization of the energy functional, from the point of view of the oneparticle picture, may settle on the polytope boundary ∂P. In analogy to the way the string of a pendulum restricts the movement of the attached mass, the GPCs would then constrain the kinematics of the system to a lower-dimensional space, which would shape the qualitative behavior of the system-e.g. its response to external perturbations [7, 10, 19, 34] .
Due to its striking consequences, a central question is whether exact pinning actually occurs in realistic fermionic quantum systems. While analytic results for a harmonic model system suggest a negative answer arXiv:1710.03074v2 [quant-ph] 17 May 2018 [8, 22, 24] , various studies of small atoms and molecules [7, 11, 16, 17, 19, 23] seem to confirm the occurrence of pinning in ground states, and hence emphasize the relevance of the GPCs in quantum chemistry. However, these numerical studies may be inconclusive for two reasons: First, they are based on very small active spaces of only 6 to 10 spin-orbitals and might therefore fail to accurately capture the true physical situation. Second, it has only been recently realized that exact or approximate pinning (quasipinning) is in some cases implied merely by the geometry of the polytope P and the saturation of some of the original Pauli constraints [35] .
In the present work, we revisit the problem and address the above concerns. In particular: (i) We use state-of-the-art numerical methods (involving up to 1000 spin-orbitals) to reproduce the atomic natural occupation numbers to high precision. (ii) We perform a careful analysis of truncation errors. (iii) We employ a precise quantitative measure to distinguish geometrically trivial from non-trivial pinning.
We note in passing that a vast body of numerical data on atoms and molecules obtained in quantum chemistry in the past decades has led to a classification of electron correlation (and, in turn, of features of sets of natural occupation numbers) that is governed by the external potential generated by the atomic nuclei in the system. In this context, we recall that the GPCs follow, however, solely from the fermionic exchange symmetry. Just like Pauli's exclusion principle, they are therefore valid for all fermionic quantum systems, independent of the concrete physics involved (Hamiltonian).
In order to elucidate in a quantitative fashion the saturation of the GPCs for an electronic structure of the system under investigation, we restrict ourselves in this work to a study of simple atomic systems such as Li and Be, for which we can provide sufficiently accurate numerical quantum chemical data obtained from full-configurationinteraction (FCI) calculations close to the basis-set limit.
The main result of our analysis is that the states originally investigated in the literature are not exactly pinned. At the same time, the natural occupation numbers lie much closer to the facets of the polytope P than its geometry would imply (a phenomenon we referred to as nontrivial quasipinning [35] ). This is an important distinction: Both the original physical interpretation (that the response of pinned systems to perturbations is restricted by the saturated constraints), as well as the most plausible physical mechanism giving rise to pinning in ground states (that the GPCs prevents a further reduction of the ground state energy) require exact pinning. At the same time, recent results [14, 36] show that wave functions whose natural occupation numbers lie close to the boundary can be well-approximated by a superposition of a small number of very specific Slater determinants. This so-called super-selection rule for Slater determinants [7] reflects and expands the vast numerical knowledge obtained in the quantum-chemistry community concerning the structure of atomic ground states. In this sense, generalized Pauli constraints do have physical implications for small atoms, which might, however, be different from the ones originally anticipated.
II. METHODS
In order to achieve the results outlined above, we had to meet three technical challenges:
First, in order to obtain sufficiently accurate approximations to the natural occupation numbers, we had to find the variational ground states in Hilbert spaces spanned by up to 1000 spin-orbitals (rather than just 6 to 10 as in previous works [7, 11, 16, 17, 19, 23] ). Our numerical optimizations are accurate enough to recover more than 99% of the correlation energy (As measured for example by a comparison of our best variational energy of -14.6667932644 hartree with the up-to-date best variational energy of -14.667356498 hartree for the 1 S spin sector of the Be atom [37] ). This consistency check gives us great confidence that, at the very least, the qualitative results derived from the numerical data (absence of pinning and presence of non-trivial quasipinning) will hold for the exact ground states of the respective atoms as well.
Second, we had to cope with the problem that the numerics returns up to 1000 occupation numbers (corresponding to the number of spin-orbitals), whereas the GPCs were explicitly known only for settings up to dimension d = 10. While systematic algorithms for determining all GPCs exist, the required computational effort increases dramatically with increasing d [6, 38, 39] . Fortunately, most of the 1000 numerically obtained occupation numbers λ are either very close to 1 or to 0. It therefore appears plausible that one can carry out a pinning analysis in terms of a truncated version λ of λ, obtained by ignoring these extreme eigenvalues. Indeed, a method to obtain quantitative estimates of errors introduced through truncation have recently been developed [12, 22] . To be more precise, we quantify quasipinning by the minimal l 1 -distance D min ≡ dist 1 λ, ∂P of λ to the polytope boundary. We reduce N to N by ignoring eigenvalues close to 1, and d to d by also ignoring those close to 0. We denote the minimal distance found in the analysis in the truncated setting (N , d ) with polytope P by D min ≡ dist 1 λ , ∂P . Under reasonable technical assumptions on the asymptotic behavior of GPCs, one can relate D min to D min in the full setting by virtue of the truncation error ε (see also Appendix A):
(2) Since the minimally required reduced dimension d allowing for a conclusive pinning analysis turns out to be larger than the maximal d for which the GPCs were known so far, we have performed extensive calculations to determine the GPCs also for the settings (N , d ) = (3, 11) , (3, 12) (see Appendix C).
Third, quasipinning by the generalized Pauli constraints can in some cases arise as a mere consequence of quasipinning by the original ones. Indeed, any given set of eigenvalues λ is at least as close to ∂P as it is to ∂∆ (this holds because all physically attainable boundary points of the Pauli simplex ∆ are also boundary points of P). It can therefore be argued that pinning to the GPC should only be considered as non-trivial, if the distance of λ to ∂P is much smaller than the distance of λ to ∂∆. To assess the "degree of non-triviality" quantitatively, we will employ the so-called Q-parameter constructed in Ref. 35 .
III. PINNING ANALYSIS
We now explore (quasi)pinning and its non-triviality for several distinct states.
We start with the state which was used as a first example for exact pinning [7] . In a basis set of five s-orbitals for the truncated one-particle Hilbert space, the variational ground state of the Beryllium atom within the respective spin-triplet sector was calculated in Ref. [40] . The corresponding natural occupation numbers are listed in Table I while the coefficients in the exponents of the atomic-orbital Gaussian basis sets for Be can be found in Table II in Appendix E). TABLE I . Natural occupation numbers for the variational ground state of the Beryllium atom within the spin-triplet sector. The data was originally published with six significant digits in Ref. [40] but was kindly made available to us in full precision with all 15 significant digits [41] .
Based on the data with six significant digits, the pinning analysis could be reduced from the full setting (N, d) = (4, 10) to the reduced setting (3, 7) apparently with zero truncation error (cf. Eq. (2)) since λ 1 = 1.000000 and λ 9 = λ 10 = 0.000000. Within the reduced setting and by relabeling the indices of the occupation numbers, λ 1 ≡ λ 2 , . . . , λ 7 ≡ λ 8 , the following results for the four GPCs of the reduced setting (3, 7) [2] were found [7] 0 ≤ D
It was striking [7] that summing up the four specific occupation numbers contributing to D (3,7) 4 led exactly to the value 2.000000 within the numerical precision given.
We now reassess the analysis of the data, using the more precise numerical values for the natural occupation numbers given in Table I . It will turn out that the conclusions of the subsequent analysis will require only 8 significant digits.
Exploiting the data in Table I , we explore pinning in the full setting (4, 10), hence incurring no truncation error. Among the 125 GPCs [5] of that setting, the strongest saturation is found for the constraint 0 ≤ D (4,10) 27
There are two conclusions to be drawn: On the one hand, the more precise analysis shows that the seemingly exactly pinned vector λ does not lie on the boundary of the eigenvalue polytope after all. On the other hand, it is true that the distance from the boundary is surprisingly small. Before turning to further examples, we briefly discuss the deviation in Eq. (4) from exact pinning quantitatively. For a rough sense of scale, one can compare Eq. (4) to the polytope diameter which is on the order of 1. However, as explained in the Introduction, we also need to ensure that this degree of quasipinning is non-trivial in the sense of not being implied by the nearsaturation of the original Pauli constraints. For example, according to Table I , the first four eigenvalues differ from their allowed maximum by no more than 10 −3 , which already implies that quasipinning of at least this strength has to be present. A complete analysis in terms of the Q-parameter [35] confirms that the GPCs are, in fact, physically relevant for the electronic state of the Be atom at hand: The deviation from exact pinning is smaller by a factor of about 245 from what the value implied merely by the saturation of the Pauli constraints (see Appendix B).
The previous result pertained to a variational calculation within a subspace spanned by very few orbitals. To obtain a more physically accurate description of the Be atom in the triplet state under consideration, one would need to include orbitals with non-zero angular momentum. However, we first pursue a different route by extending only the number of s-orbitals with the aim to determine to high precision the variational ground state within this (artificial) Hilbert space. The motivation is as follows: Such freezing of degenerate angular degrees of freedom increases the conflict between energy minimization and fermionic exchange symmetry, which has been argued to increase the strength of quasipinning [22, 24] . In contrast to the previous analysis of the state involving only five s-orbitals the following analyses will require us to truncate the numerically obtained eigenvalues: It will not be possible anymore to explore (quasi)pinning in the full settings since the GPCs for four electrons are known only for active spaces spanned by up to five spatial orbitals.
In Appendix E, the results for the natural occupation numbers are listed for five different basis set sizes ranging from 19 to 25 s-orbitals. Convergence on the significant digits has been achieved not only for the energy but also for the occupation numbers (see Appendix E). The results of the pinning analysis for the variational minimum of the Be atom without angular degrees of freedom are shown in Fig. 1 . There, we present the minimal distances D min of the truncated vectors λ ≡ (λ j ) d j=1 for the reduced settings (N , d ) with N = 4, d = 8, 9, 10. The respective truncation errors defined in Eq. (2) are indicated in the form of error bars. The results strongly suggest the absence of pinning in the correct, full setting (recall Eq. (2)), D min > 0. At the same time, we again find non-trivial quasipinning: λ is about five times closer to the polytope boundary than what one may expect from the approximate saturation of some Pauli constraints.
We continue with an analysis of the doublet ground state (S=1/2) of the Li atom. To this end, we carried out a non-relativistic FCI optimization with a Gaussian-type atomic orbital basis set exceeding quintuple-zeta quality, allowing us to approach the present variational upper bound of the nonrelativistic total energy in the Li 2 S ground state of 7.4780603239101437 hartree [42] within sub-millihartree accuracy. The numerical data and further computational details are presented in Appendices D, E. We then performed a truncated pinning analysis in the largest setting, (N , d ) = (3, 12) for which the GPCs are known. To reveal a qualitative trend for D min for larger d and in particular to extrapolate to the full setting (3, 962), we also present the results for the smaller truncated settings with d = 6 − 11 in Fig. 2 : First, for d = 6−11 we see that the truncated vectors λ ≡ (λ j ) d j=1 lie outside the respective polytopes for the settings (3, d ), indicated by the negative signs of D min . As a consistency check, we also observe that the truncation error (cf. Eq. (2)) still allows for a positive distance D min in the full setting as required since λ ≡ (λ j ) 962 j=1 lies inside the polytope of the full setting. Second, in the largest possible truncated setting (3, 12) we find a minimal distance of D min = 6.46 · 10 −5 . Since the truncation error ε = 8.73 · 10 −4 is much larger than D min , exact pinning in the full setting cannot be ruled out. We can conclude that λ has a distance D min to the polytope boundary in the full setting (3, 962) of at most 9.38 · 10 −4 following from (2) . Third, in the setting (3, 12), we find that λ lies closer by a factor of 60 to the polytope boundary than to the boundary of the surrounding Pauli simplex.
The case of a total spin S=3/2 is treated in the same fashion. The pinning analysis in the largest possible truncated setting leads to a minimal distance D min = 2.44 · 10 −4 with a truncation error ε = 3.70 · 10 −4 . The presence of pinning in the full setting can again not be ruled out given the truncation error (cf. Eq. (2)). Yet, the trend for D min for d ≤ 12 shown in Fig. 2 and the fact that the worst-case truncation error for d = 12 is only slightly larger than the respective D min provides plau-
sible evidence that none of the GPCs in the full setting are saturated, i.e. D min > 0. The analysis of the nontriviality of these findings shows that the GPCs have a physical relevance since their approximate saturation is stronger by a factor 37.7 than the one of the Pauli constraints.
We complete our investigation of the role of the GPCs in small atoms by returning to the Be atom. There are three spin sectors, corresponding to the total spins S = 2, 1, 0. The case of a singlet state, S = 0, does not allow for any non-trivial relevance of the GPCs. This is based on the fact that for singlet states and in general for states of evenly many fermions with doubly degenerate natural occupation numbers, the GPCs coincide with the original Pauli constraints [43] . From a geometric viewpoint, the polytope P and the larger Pauli simplex ∆ coincide after their restriction to the hyperplane described by λ 1 = λ 2 , λ 3 = λ 4 , . . .. Since we already analyzed the lowestlying S=1 state of Be, we now consider the case of the lowest-lying quintet state (S=2). The numerically exact natural occupation numbers for fully polarized electrons are listed in Appendix E and the results of the truncated pinning analysis are illustrated in Fig. 1 . Since 1 − λ 1 = 3.34 · 10 −4 is (much) smaller than λ 11 = λ 12 = 2.14 · found in that setting, no pinning is present in the full setting (4, 800), i.e. D min > 0. Moreover, one can show that this weaker quasipinning is completely trivial: This follows immediately from the fact that the approximate saturation of some Pauli constraints is comparable.
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In principle, we may quantify the strength of quasipinning of λ ∈ P (N,d) by the l 1 -distance of λ to the polytope boundary. Yet, a few comments are in order. First, by "boundary" we refer in this context only to that part of the total boundary of the polytope which corresponds to saturation of some GPC (but not to saturation of an ordering constraint λ i − λ i+1 ≥ 0). Second, it has proven convenient to determine for each GPC D the minimal distance not to the polytope facet F D (corresponding to D ≡ 0) but to the hyperplane E D obtained by linearly extending F D and after relaxing the normalization (allowing for a minimum which is attained outside of P (N,d) ). One verifies then [14] that the l 1 -distance of λ to that hyperplane E D follows as
For (quasi)pinning analyses in practice one faces a major problem. On the one hand, the complete family of GPC is known so far only for the settings (N, d) up to d = 10 [6] and also, as calculated for this work, for (3, 11) , (3, 12) . On the other hand, most fewfermion models are based on very large or even infinitedimensional one-particle Hilbert space. A common (see, e.g., Refs. [7, 9, 11, 15, 16] ), but less optimal way to circumvent that problem is to truncate the one-particle Hilbert space H 1 from the very beginning to just d ≤ 10 dimensions and restrict the Hamiltonian to the corre-
For most physical models, however, this drastic approximation does not allow one to conclusively explore the occurrence of (quasi)pinning for the exact ground state as our work has shown. Besides the objection that the system may be in general too correlated in order to justify such a truncation also an erroneous choice of H is to implement such a truncation to a small d after having obtained a sufficiently accurate approximation for the exact ground state (as it has been done in our work). The general structure underlying the concept of truncation is then the following: 
Hence, whenever the vector λ emb ,
has a small l 1 -distance to F emb and the "truncation error"
is small, the full vector λ has also a small l 1 -distance to the facet F . In particular, by using the triangle inequality for the l 1 -norm and by introducing the truncated vector λ ≡ (λ j )
d−s j=r+1 , we find for the distances to the linear extensions (E, E emb , E ) of the respective facets (F, F emb , F )
In the second line, we have used E emb ⊂ E and the definition of the truncation error ε (A5). Conversely, by using Eqs. (A1), (A3) one finds
Clearly, one finds for the geometric prefactor c ≤ 1. By comparing various settings for which the GPC are already known, it seems to be plausible to assume c ≡ 1 for the case of d sufficiently large. In that case, one can combine estimates (A6), (A7) to
Comparing the minimal distances D min = min E dist 1 ( λ, E) and D min = min E dist 1 ( λ , E ) we minimize both estimates (A6) and (A7) with respect to all E (i.e. all GPC D of (N , d )) and for each E with respect to all E (i.e. GPC D of (N, d) ) containing E emb . This eventually leads to
The concept of truncation follows from estimate (A11): Natural occupation numbers sufficiently close to 0 and 1 can be discarded and (quasi)pinning of the truncated vector λ can be explored in the truncated setting (N , d ) of the remaining natural occupation numbers. The error of this truncated pinning analysis is then given by Eq. (A5) and therefore allows one to estimate the minimal distance D min of λ to the polytope boundary in the correct, full setting (N, d).
Appendix B: Analysis with the Q-parameter
We briefly comment on the concept of the Qparameter. Since the polytope P defined by the GPC is a proper subset of the Pauli simplex ∆, P ⊂ ∆, pinning and quasipinning by GPC can in some cases be a consequence of (quasi)pinning by the Pauli constraints. From a geometrical viewpoint this is obvious: Whenever λ ∈ P ⊂ ∆ is close to ∂∆ it is at least as close to the boundary ∂P. Hence, the important question is whether (quasi)pinning by GPC is stronger than possible (quasi)pinning by the Pauli constraints, i.e. whether the distance of λ to the polytope boundary is much smaller than its distance to the boundary of the surrounding Pauli simplex ∆. Actually, this is even more subtle: In some cases, the strongest (quasi)pinning, let's say to the facet F D corresponding to saturation of the GPC D, might be trivial, yet weaker quasipinning to another polytope facet F D might be non-trivial. In that case the relevance of the family of GPC would be based on GPC D . Hence, the non-triviality of pinning and quasipinning by GPC needs to be addressed for every GPC D, i.e. for every facet F D , separately. This leads to a highly involved geometrical problem which has been solved in Ref. [35] . In particular, for every GPC D it has been determine how many occupation numbers need to be pinned by the Pauli constraints to the values 0 and 1 to enforce saturation of D. Then, by denoting the minimally required number of occupation numbers equal to 0 and 1 by r and s, respectively, the flat geometry of the polytope implies relations of the form
Here, S r,s denotes the collective Pauli exclusion principle constraint corresponding to the pair (r, s), i.e.
and c is a geometric prefactor. The ratio of both sides in Eq. (B1) then describes the non-triviality of possible quasipinning by the GPC D. We will resort in our work to a corresponding non-triviality measure based on such ratios, the so-called Q-parameter [35] .
For instance, the analysis in the setting (4, 10) has shown that (quasi)pinning by GPC is enforced by (quasi)pinning of the collective Pauli constraint S 2,9 , i.e. a universal estimate of the form D 
i.e. the Q-parameter of the respective GPC takes the value Q ) is non-trivial (if at all) by factors smaller than 245. Hence, the GPC are physically relevant for the Beryllium state at hand with an overall Q-parameter given by Q (4,10) ( λ) ≡ max i≤125 Q (4,10) i ( λ) = 2.39.
Appendix C: Calculation of the GPC for (N, d) = (3, 11), (3, 12) In this section we describe on a rather elementary level the general strategy used for calculating the GPC for a fixed setting (N, d). For further technical and mathematical details on this highly involved procedure we refer the reader to Ref. [5, 6] .
As noted above, the GPC together with ordering constraints and normalization condition define a polytope P (N,d) , called the 'moment polytope'. In theory, for any setting (N, d) the moment polytope is characterized by Theorem 2 and Theorem 9, respectively [5] . Both theorems suggest different algorithms for calculating the GPC defining the polytope P (N,d) [5, 6] . On the one hand, according the Theorem 2, the GPC are explicitly given by linear inequalities subject to a topological condition. This condition depends explicitly on so-called 'test spectra' and two permutations involved in the underlying mathematical problem (see [5, 6] ). In practice, this means to check the topological condition for all test spectra and permutations which, however, becomes computationally very expensive for not too small settings (N, d) .
Hence, the algorithm based on Theorem 2 allows one to calculate some of the GPC but typically not all of them, and thus leads to an outer approximation P of the full polytope P (N,d) . Although the algorithms based on Theorem 2 and Theorem 9 are both typically too expensive for deriving all GPC, combining them allows one to calculate all GPC for much larger settings. The following procedure has proven to be the most efficient one:
(1) Calculate an inner polytope P
(2) Identify all facets of the inner polytope found in step (1) which fit into the form of Theorem 2 in [5] . These facets define an outer polytope P
(3) If both approximations coincide, P
out , one has obtained the full moment polytope
out . Otherwise, one needs to continue the process by calculating larger inner polytopes P
Further details can be found in [5, 6] .
For small settings as, e.g., (N, d) = (3, 6), (3, 7) the algorithm works very well. For larger settings, however, one needs an additional tool to calculate the full set of GPC. The reason for this is that the inner polytope P (N,d) in may have 'bad facets', i.e. there are some spectral inequalities which do not fit into the form of Theorem 2 and thus it is not possible to verify the validity of a respective topological condition. Therefore, one needs to verify numerically whether such a spectral inequality represents a proper GPC: By minimizing a linear form of the one-particle reduced density matrix one can determine in a brute-force approach extremal points (vertices) of the polytope P (N,d) (since any linear form attains its minimum at extremal points (vertices) of the convex polytope P (N,d) ). By comparing the vertices of the bad facet with those obtained by this numerical procedure, one can verify whether the respective spectral inequality represents a proper GPC or not.
A second computational problem concerns the verification of the topological condition mentioned above. The computational time for this verification depends exponentially on the length of the underlying permutations. While for the settings (3, d) with d ≤ 11 all required topological conditions could be verified on a personal computer, there have been 15 inequalities for the setting (3, 12) where even high-performance computing hardware that is accessible to us at ETH could not provide the resources necessary for the verification. Instead, for those 15 inequalities we have successfully used the numerical procedure.
Finally, we also would like to stress that the software packages LiE [44] and Convex [45] were essential for the calculation for the GPC for the settings (3, 11) , (3, 12) . mization of the lowest-lying quadruplet spin state of Li ("Li quadruplet") was carried out by employing the "Li doublet 3" basis set.
Tables II and III compile the coefficients in the exponents of all atomic-orbital Gaussian basis sets employed in this work and described above. The basis set for the Be triplet calculation with five s functions (see Table I in the main text) is available upon request from the authors.
By comparing the results of the different Be triplet state calculations shown in Table IV we conclude that the natural occupation numbers have converged on at least seven digits. For the Li doublet ground and quadruplet excited states summarized in Table V we observe convergence on the fourth, probably also on the fifth digit. Our best variational energy for the Be (Li) atom in the 1 S ( 2 S) ground state obtained with the largest uncontracted AO basis set outlined above is -14.6667932644 hartree (-7.4778376184 hartree) which is well below millihartree accuracy compared to the present variational upper bounds for Be [37] and Li [42] , respectively. 
